There remains an urgent need to develop effective photoacoustic computed tomography (PACT) image reconstruction methods for use with acoustically inhomogeneous media. Transcranial PACT brain imaging is an important example of an emerging imaging application that would benefit greatly from this. Existing approaches to PACT image reconstruction in acoustically heterogeneous media are limited to weakly varying media, are computationally burdensome, and/or make impractical assumptions regarding the measurement geometry. In this work, we develop and investigate a full-wave approach to iterative image reconstruction in PACT for media possessing inhomogeneous speed-of-sound and mass density distributions. A key contribution of the work is the formulation of a procedure to implement a matched discrete forward and backprojection operator pair, which facilitates the application of a wide range of modern iterative image reconstruction algorithms. This presents the opportunity to employ application-specific regularization methods to mitigate image artifacts due to measurement data incompleteness and noise. Our results establish that the proposed image reconstruction method can effectively compensate for acoustic aberration and reduces artifacts in the reconstructed image.
INTRODUCTION
Conventional image reconstruction algorithms in photoacoustic computed tomography (PACT) are based on the assumption that the acoustic mdeium is homogeneous. [1] [2] [3] [4] [5] However, this assumption is not warranted in many biomedical applications of PACT. For example, in transcranial PACT of primates, the presence of the skull will introduce strong acoustic heterogeneities, which could severely distort the PA wavefields. 6, 7 In these applications of PACT, if the reconstruction algorithm does not account for the acoustic heterogeneities, the reconstructed images can contain significant artifacts.
Several image reconstruction methods have been developed to compensate for the effects of smooth variations in a medium's speed-of-sound (SOS) distribution. [8] [9] [10] These methods are based on a geometrical acoustics (GA) approximation, which utilizes the Eikonal equation to model acoustic wave front propagation. However, the GA approximation is based on the assumption that the length scale of the SOS variation is much greater than the acoustic wavelength, which can be violated when the media process strong acoustic heterogeneities.
Full-wave approaches to PACT image reconstruction have also been proposed. [11] [12] [13] While these methods are based on solutions to the exact PA wave equation, which permits a broader domain of applicability, they also possess certain practical limitations. For example, finite element methods (FEMs) have intensive computational burden, which is especially problematic for three-dimensional (3D) applications of PACT. Although time-reversal (TR) methods are mathematically exact in their continuous forms in 3D homogeneous media, 12 they are predicated on the assumption that the measurement surface encloses the object, which is often impractical in biomedical applications of PACT.
In this work, we develop and investigate a full-wave approach to iterative image reconstruction in PACT with media possessing heterogeneous SOS and mass density distributions. We construct a discrete imaging model for PACT that is based on the exact photoacoustic PA wave equation, and establish a procedure to implement a matched forward and backprojection operator pair associated with the discrete imaging model. This permits application of a wide-range of iterative image reconstruction algorithms that can mitigate the effects of data incompleteness and noise. The forward and backprojection operators are based on the k-space pseudospectral method, 14 which possesses significant computational advantages over finite-difference and finite-element methods. The developed reconstruction methodology is investigated by use of computer simulation studies.
BACKGROUND
In a heterogeneous lossless fluid medium, the propagation of the thermoacoustically-induced pressure wavefield p(r, t) can be modeled by the following three coupled equations
subject to the initial conditions:
where u(r, t) is the acoustic particle velocity, c 0 (r) is the medium's SOS distribution, A(r) is the absorbed optical energy density distribution, Γ(r) is the Grueneisen parameter, and ρ(r, t) and ρ 0 (r) denote the distributions of the medium's acoustic and ambient densities, respectively.
To compute the numerical solutions of the coupled equations (1), (2), (3), the k-space pseudospectral method can be utilized to discretize the coupled equations, and the discrete form is
where p m ≡ (p(r 1 , m∆t), · · · , p(r N , m∆t)) T lexicographically ordered vector representation of sampled values of p(r, t) at time step m∆t (m = 1, · · · , M ) and at vertices of a 3D Cartesian grid r n (n = 1, · · · , N ). M is the total number of time steps, and N ≡ N 1 N 2 N 3 is the toal number of vertices, where N i the number of vertices along the i-th dimension (i = 1, 2, 3). u 
where j is the imaginary unit,
is the sampled vaules of the ambient density ρ 0 (r),
• is the Hadamard product, F is the operator that first converts a N × 1 lexicographically ordered vector into a N 1 × N 2 × N 3 3D matrix then performs the 3D forward discrete Fourier transform (DFT), and F −1 is the operator that first carries out the 3D inverse DFT then convert the resulting N 1 × N 2 × N 3 3D matrix into a N × 1 lexicographically ordered vector. K i is a 3D matrix with elements given by
where
, and L i denotes the length of the spatial grid in the i-th dimension.
The 3D matrix κ = sinc( x , c min is the minimum of c 0 (r), K is a 3D matrix defined as K ≡
DISCRETE IMAGING MODEL AND ITERATIVE IMAGE RECONSTRUCTION
The k-space pseudospectral method for numerically solving the photoacoustic wave equation described in Section 2 can be employed to establish a discrete PACT imaging model. The resulting discrete imaging operator H, also known as the system matrix, and its adjoint or backprojection operator H † can be employed with an iterative algorithm to accomplish the PACT image reconstruction task.
Discrete imaging model
Equations (5), (6) and (7) can be described by a single matrix equation to determine the updated wavefield variables after a time step ∆t as
T is a 7N × 1 vector containing all the wavefield variables at the time step m∆t. The 7N × 7N propagator matrix W is defined as
N ×N is the N × N identity matrix, and 0 N ×N is the N × N zero matrix. The wavefield quantities can be propagated forward in time from t = 0 to t = (M − 1)∆t as
where the 7N M × 7N M matrices T m (m = 1, · · · , M − 1) are defined in terms of W as . . .
In general, the transducer locations r d l at which the PA datap are measured do not coincide with the vertices of the Cartesian grid at which the values of the propagated field quantities are computed. The measured PA datap can be related to the computed field quantities via an interpolation operation aŝ
and
Here,
is a 1 × 7N row vector in which all elements are zeros except the 4 corresponding to acoustic pressure at 4 grid nodes r l,1 , r l,2 , r l,3 , r l,4 that are nearest to the transducer location r By use of Eqns. (13), (15) , and (18), we obtains the discrete PACT imaging model
where the explicit form of the system matrix is identified as H ≡ ST M−1 · · · T 1 T 0 .
Recontruction method
Upon the establishment of the discrete PACT imaging model, the image reconstruction task, which is to estimate the initial pressure distribution p 0 from knowledge of the measured datap, can be accomplished by iteratively solving Eqn. (21) with an appropriate regularization. This can be achieved by seeking solutions of an optimization problem, which, in this work, was designed as a penalized least squares (PLS) cost function that contained a total variation (TV) penalty termp
where λ is the regularization parameter, and a non-negativity constraint was employed. For the 3D case, the TV-norm is defined as
where [p 0 ] n denotes the n-th grid node, and
are neighboring nodes before the n-th node along the first, second and third dimension, respectively. The fast iterative shrinkage/thresholding algorithm (FISTA) 17, 18 was employed to solve Eqn. (22).
When iterative algorithms, including FISTA, are employed to minimize a PLS cost function, the action of the operators H and its adjoint H † must be computed. 19 In this work, the action of H was computed by use of the MATLAB k-Wave toolbox. 20 It can be verified the action of H † can be computed as
NUMERICAL STUDIES AND RESULTS
Numerical studies were conducted to assess the effectiveness and robustness of the proposed discrete imaging model in studies of iterative image reconstruction from incomplete data sets in two-dimensional (2D) PACT. Note that, although the above discrete imaging model is based on the 3D PA wave equation, the 2D formulation is contained as a special case. The performance of the iterative reconstruction method was compared to an existing TR reconstruction method. 
Numerical studies
The low contrast disc phantom shown in Fig. 1 -(a) was employed to investigate the robustness of the iterative reconstruction methods with respect to noise in the measurement data and different types of data incompleteness resulting from three differenet scanning geometries. A 'full-view' scanning geometry utilized 180 transducers that were evenly distributed on a circle of radius 40 mm. A 'few-view' scanning geometry utilized 60 transducers that were equally distributed on the circle. Finally, a 'limited-view' scanning geometry utilized 90 transducers that were evenly located on a semi-circle of radius 40 mm. At each transducer location, a total of 20,000 temporal samples of simulated pressure data were computed at time step ∆t = 30 ns, all of which were employed by the TR image reconstruction method. However, only the first 1,500 temporal samples were employed by the iterative reconstruction method. The simulated data were then contaminated by 3% (with respect to maximum value of noiseless data) additive white Gaussian noise (AWGN). Figure 1 -(b) and (c) display the SOS and density maps used in the simulation studies, which were deduced from the X-ray CT data of a monkey skull. 7 All simulation studies were computed on a Cartesian grid of 512 × 512 pixels with a pitch of 0.2 mm, and the regularization parameter λ was empirically selected to have a value of 0.001. 
Numerical results
The reconstructed images corresponding to the three scanning geometries are displayed in Figs. 2 -4 . In each figure, the results in the top row correspond to use of the TR reconstruction method, while the bottom row shows the corresponding results obtained by use of the iterative method. The profiles shown in each figure are along the 'Y'-axis indicated by the arrow in Fig. 2-(a) . The red lines and blue lines corresdpond to profiles through the phantom and reconstructed images, respectively. With all of three scanning geometries, the iterative results contain lower noise levels than the TR results, which suggests that the iterative method is more robust to the noise in the measurement. With the few-view and the limited-view scanning geometries, the images reconstructed from the iterative method contain fewer distortions and artifacts than the TR results. Also, the values of the images reconstructed from the iterative method are much closer to the values of the phantom than those produced by the TR method. These results indicate that the iterative method is more robust to the data incompleteness. 
SUMMARY
To compensate for the effects of acoustic heterogeneities in PACT, we proposed and investigated an iterative image reconstruction method that was based on the exact PA wave equation. We established a discrete imaging model based on the k-space pseudospectral method, and provided a procedure of implementing the forward and backprojection operators associated with the discrete imaging model. The matched operator pair was employed in an iterative image reconstruction algorithm that sought to minimize a TV-regularized PLS cost function. The developed reconstruction methodology was investigated by computer simulation studies, and the results demonstrated that the reconstruction methodology can effectively reduce noise level and mitigate image artifacts due to data incompleteness. 
